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Abstract

The asynchronous circuits from the digital electrical engineering are
modeled by the so-called asynchronous systems. An autonomous asyn-
chronous system consists in a set X of 'nice’” R — {0,1}" functions
n > 1, called signals, representing non-deterministically the models of
the tensions that describe the behavior of an asynchronous circuit with-
out inputs. A special case of such a system X is the one when a function
®:{0,1}" — {0,1}" is given such that any = € X fulfills a 'differential’
equation involving ®. In such conditions, by analogy with the 'real’” semi-
dynamical systems, the Boolean dynamical systems may be defined.

Our paper defines the nullclins, the motions and their speed, the in-
variant subsets of {0, 1}", the attraction, the limit cycles, the evolutions
of x € X, the stable manifolds, the Huffman systems and several prop-
erties of invariance which are very important in electrical engineering
(such as the delay insensitivity). The relation with the discrete time
systems is also suggested.

1 Preliminaries

Notation 1 Let be the arbitrary set M. The following notation will be
useful:
P*(M)={M'|M'" c M,M" # 0}

Notation 2 The set of the subsequences of the natural numbers set N
is denoted by Sub(IN) :

Sub(N) = {(j)|jx € N,k € N, jo < ... < jp < ...}.



Definition 3 The set B = {0, 1} is endowed with the order 0 < 1 and
with the usual laws —, -, U, &. It is called the binary Boole algebra.

Remark 4 The set B is a Boole algebra indeed relative to —,-,U and
it is also a field relative to ®,- . B", together with the sum & made
coordinatewise and with the scalar product -, is a linear space over B.

Notation 5 We denote by

the vectors of the canonical base of B™.

Notation 6 The modulo 2 summation of the vectors v/ € B",j € J (J
must be a finite set) is denoted by EJUj . By definition E@Uj = 0.
je je

Definition 7 If o : N — B" is a sequence, a(k) ok k€N, then its
limat klim o* € B is defined by the property

3K € N,VE' > K, o = lim o.

k—o00

Definition 8 Let be the function x : R — B". Its wnitial value
thEH z(t) € B" (also denoted by x(—o00+0)) and its final value tlim:n(t) €

B" (denoted sometimes by x(oco — 0)) are defined by

I e R,V <t x(t") = lim x(t),

t——0o0

I e R,V >, x(t") = limx(t).

t—oo

Notation 9 We denote by 7% : R — R, d € R the translation
vt € R, T(t) =t —d.
Thus for any = : R — B™, we denote by z o 7% : R — B" the function
vt € R, (z o7 (t) = 2(t — d).

Definition 10 The characteristic function x, : R — B of the set
A C R is given by

1,te A

VEE R xalt) = { 0, else



Notation 11 We use the following notation
Seq = {(tx)|tx € R,k €N, tg < ... <t < ... is unbounded from above}.

Definition 12 The cyclic values v € B"™ and the co-cyclic values
uw e B" of x : R — B" are defined by

A(ty) € Seq,Vk € N, z(ty) = v,
J(tx) € Seq,Vk € N, z(—t)) = p.

Remark 13 The initial and the final values of x : R — B™ may not
exist and if any of them exists, then it is unique. The cyclic and the
co-cyclic values of x© always exist and they are not unique in general.
If = has a unique cyclic (co-cyclic) value v (u), then v = z(co — 0)
(n= (=00 +0)).

Definition 14 A function z : R — B" is called n—signal, shortly
stgnal if p € B™ and (ty) € Seq exist so that

z(t) = p- X(foo,to)(t) ® x(to) - X[to,tl)(t) ... o z(tk) 'X[tk,tkﬂ)(t) ®... (1)

where in (1) we have abusively used the same symbols -, @ for the laws
that are induced by those of B. The set of the n—signals is denoted by
S™) and instead of SM we usually write S.

Definition 15 Let z € S™ be given by (1). Its left limit x(t — 0) is
the R — B" function defined as

$(t_0) = /‘LX(—OO,t()] (t)@x(to) X(to,tl}(t) @@x(tk) .X(tk,thrl}(t) @ (2)

Definition 16 By definition, the left derivative of x € S™ is the
function Dz : R — B",

Dz(t) = z(t — 0) & z(t).
Remark 17 From (1) and (2) we infer
Da(t) = (1@ 2(to)) - X0y () & (2(to) ® 2(t1)) - X113 (£) B ...

e @ (2(th-1) O 2(th)) - Xgaey () © -
On the other hand the right limit and the right derivative of x € S™:

z(t+0) = z(¢),

D*z(t) =z(t+0)dz(t) =0

will not be important in our work.



Definition 18 Let be U € P*(S™). A multi-valued function f : U —
P*(S™) is called asynchronous system, shortly system. Any u €
U is called (admissible) input and the functions x € f(u) are called
(possible) states.

Definition 19 Any of
a) a system f with 3X € P*(S™) VYu € U, f(u) = X,
b) a system f having the property that U has a single element,
c) a set X € P*(S™)
is called autonomous (asynchronous) system.

Remark 20 The concept of system originates in the modeling of the
asynchronous circuits. The multi-valued character of the cause-effect as-
sociation is due to the statistical fluctuations in the fabrication process,
the variations in the ambiental temperature, the power supply etc. Some-
times the systems are given by equations and/or inequalities.

An autonomous system is interpreted as a system without input and
we prefer to use for this the concept from Definition 19 c).

2 Semi-dynamical systems. An example

Definition 21 Let M be a set. A family of applications Y, : M —
Mt € [0,00) that fulfills the conditions

To =1, (3)

Vt € [0, OO),vt, S [0, OO), Tt—i—t’ = Tt o Tt’ (4)

18 called semi-group of maps of M with one parameter.

Definition 22 A couple y = (M, Y = (Y)ic[o,00)), where M is some set
and T : [0,00) — MM T(t) Yt e [0,00) defines a semi-group of
maps of M with one parameter, is called a semi-dynamaical system
and the parametert is called time. The set M is called the phase space
or the state space and the points x € M are called phases or states.

Remark 23 A process is called deterministic in [1] if its whole fu-
ture evolution is uniquely determined by the present evolution. The
semi-dynamical systems are mathematical models of the deterministic
processes.

Our purpose is that of adapting Definition 21 and Definition 22 to
the study of the asynchronous circuits that are real time, binary, non-
deterministic processes and we consider the next



X3

Figure 1:
Example 24 In Figure 1 the logical gates compute the Boolean function
o : B2 — B?,
V(py, o) € B?, (g, po) = (Hz, By)-
Let be (t,) € Seq and the function p : R — B2,
p(t) = (1,0) - Xg403 (1) (1, 1) - xgup3 (8) © (0, 1) - Xy (£) D

@<17 O) ’ X{t3}(t> ©® (17 1) ’ X{t4}(t> @ (07 1) ’ X{t5}<t> D ...
showing how ®1 and ®5 are computed: ®1 at ty, P, and Py at t1, Py at

ty, @1 at t3, &1 and Dy at ty, Py at ts,... Denote by (uq, py) € B? the
initial state. We can see that

at to : (P1(ps o), po) = (g, o)
at ty : (@1 (a2, pa), Pa(fiz, pa)) = (Higs o)
at t2 : (:u_27 CI)Q(,U_% :u2)) = (:u_27 :u2)
at t3 : (@1011_27 M2>7 MQ) = (:U’_Qv /’L2)
atty: (1 (T2s fa), Po(Tigs 1)) = (Fiz, o)
at ts : (T2, P2(pg, p2)) = (g, o)

thus the behavior of the circuit is modeled by the function
2(t) = (b1 fha) - X(—oo,t0) (1) © (T, 12) - Xit9,00) (1)-
3 Progressive sequences and progressive functions
Definition 25 The sequence a : N — B", a(k) ok ke N s pro-
gressive if Vi € {1,...,n}, the set
{klk € N,aF =1}

1s infinite. The set of the N — B"™ progressive sequences is denoted by
IL,.



Definition 26 The function p : R — B" is called progressive, if a €
I1,, and (ty) € Seq ezist so that

p(t) = a Xy () @ B b X (1) B (5)
The set of the progressive functions is denoted by P,.

Remark 27 In the previous two definitions, the condition that all the
sets {k|k € N,aF = 1} are infinite, i = 1,n expresses the idea that the
coordinates ®;,i = 1,n of some function ® : B® — B" are computed
countably many times, thus their computation time is arbitrary, finite,
possibly variable (depending on manufacturing fluctuations in delay re-
lated parameters, on the temperature, on the tension of the mains etc.)
This was anticipated at Fxample 24.

Some properties of invariance must be found in this context, of the
form ...,¥p € P,, ... meaning that for each manufactured instance of a
design, for each admissible temperature and for each admissible tension
of the mains, we restrict our attention to the information that is common
to all of them. Such properties will be presented in Sections 22,...,28.

4 Boolean dynamical systems

Definition 28 Let  : B* — B", & = (¥4, ..., D,,) be a function (called
sometimes vector field). For A € B™" A = (A,...,\,) we define the
function ®* : B — B",

Vi€ B", ®Mp) = (A - p1y & A1 - @1(p), ooy An -y B A - P(1))
called ® at the power \, or the \—1iterate of .

Remark 29 The role of X in the previous definition is that of showing
which coordinate ®; of ® is computed: if \; = 0, then ®} ) = p; and ®;
is not computed, while if \; = 1, then ®} () = ®;(u) and ®; is computed,
i=1,n.

Definition 30 Let be o € I1,,. We define the functions oot B
B" ke N by

Vk € N,Vu € B", @ (1)) = " (¢°
Definition 31 Let be p € P,
p(t) :aOX{tO}(t)@@akX{tk}(t)@ (7)

where a € 11, and (tx) € Seq. We define ® at the power p, ¥ : R —
(B")B" by Vt € R,Vu € B",

@P(t)(u) =M X(foo,to)<t) D q)ao (N) : X[to,t1)<t) D ... (8)

aO...ak
@B (1) (1) 6

0 k

O (w)- (6)



Remark 32 Suppose that (7) is true. A distinction should be made
between ®P(t)(u) given by (8) and

k
P () — DY (), t =ty
® OI/) {/,L,t ¢ {tﬂv "'thv } .

Definition 33 The couple ¢ = (B",(®?),cp,) is called Boolean dy-
namaical system. B" is called the phase space, or the state space
and its points ;1 € B"™ are called phases, or states'. The function ®
15 called the generator function of ¢ and ®°,p € P, are called the
computations of . The domain R of the computations ®° is the time
set and t € R s the time parameter.

Remark 34 We have given up the prefix 'semi’ in the terminology of
"Boolean semi-dynamical system’ because, in the theory of the asynchro-
nous systems, the time set is always bounded from below (in the sense of
the existence of the initial values of the states x(—oo+0) and of the initial
time to); the possibility of allowing a time set which is unbounded from
below corresponds to the prefix pseudo’ in the terminology of ’Boolean
dynamical pseudo-system’ and we are not interested in the study of this
concept at the moment.

The major difference between ¢ (Definition 33) and the usual semi-
dynamical systems v (Definition 22) comes from the fact that here the
modelled processes are not deterministic, meaning that different ways
that ® may be computed exist and they are indicated by the power p of
&7, We conclude that the deterministic process in vy has been replaced by
a family of deterministic processes in ¢. The property (3) of no advance

i time is replaced by
(I)(O,...,O) — an

and the request (4) of advancing time is replaced by (6), (7), (8).

Definition 35 For pu € B™ and p € P,, the function ®*(-)(u) : R — B”
1s called the p—motion of the point .

Definition 36 We define the p—orbit (or the p—phase trajectory) of
W in the next way:

Orby(p) = {@°(t) ()|t € R}.
Definition 37 By definition, we call integral curve the graph
G = {(t, 2°(t)(u)[t € R}.

'We abusively identify a function z € S normally called state with its values
w=xz(t).



5 Regular autonomous asynchronous systems

Definition 38 Let be ® : B” — B™. The set X¢ C S™,

Oéo ao...ak
Xo = {M'X(foo,to)(t)@q) (N) 'X[to,tl)(t)@---@q) (N) 'X[tk,tkﬂ)(t)@---

|l € B", o € T, (tx) € Seq}

15 called the universal regular autonomous asynchronous system
that is generated by ®. The function ® is called the generator func-
tion of Xs.

Definition 39 A non-empty set X € P*(S™) is called regular au-
tonomous asynchronous system if ® : B" — B" exists so that
X C Xg. If this inclusion holds, then the function ® is called the gen-
erator function of X.

Remark 40 In Definitions 38, 39 the terminology is the following: "uni-
versal’ means maximal relative to the inclusion and ‘reqular’ means the
existence of a generator function ®.

While the system Xg 1s associated to the Boolean dynamical system
¢ = (B",(®?),ep,), its subsystems X C Xo may result by requesting
that the initial states p run over a subset of B™ only (initial conditions),
or perhaps ®° run over a subset of all the computations of ® only (re-

strictions imposed on the computation time of the coordinate functions

Notation 41 Let be the set Oy € P*(B™). Denote by Xg° C Xg the
system

aY al..ak
Xgo = {//J'X(—oo,to)(t)@q) (N)'X[to,h)(t)@'”@@ (M)'X[tkvtk+1)<t)@.”
lp € ©p,a € I1,,, (t) € Seq}.

Remark 42 In general the reqular autonomous systems do not have a
unique generator function:

30,8 : B" — B", & £ & and X N Xe # 0.

Such a situation results in the intersection of the systems from Example
44 and Example 45 to follow.



Figure 2:

6 Examples of regular autonomous asynchronous
systems

Example 43 Let us suppose that in Figure 1 the gates are identical,
the computation time of the coordinate functions is equal to 1, the initial
state is (0,0) and the initial time instant is to = 0. Then the model of
this circuit is given by the autonomous system

X ={(11) Xp2uz0s6U..)-
Example 44 We suppose that ® : B — B s the constant function:
€ B,Vu € B, ®(u) = .

We identify the constant function x € S with the constant u° € B and
we remark that

Xo = {p°}u{ud- X(—oot) B 1 Xyt € R}
Example 45 For ® : B — B the identity function
Vi€ B, ®(u) = p

we have
Xs =B

(B has been identified with the set of the two constant 1-signals). The
circuit was drawn in Figure 2.

Example 46 We define ® : B — B by
Vu € B, (n) = 1.
We infer that

Xq) = {M'X(—oo,to)@ﬁ'X[to,tl)@M'X[tl,tz)@l_’l"X[tz,t3)@"'|lu € B7 (tk) € Seg}

and the circuit is the one from Figure 3.
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Figure 4:

Example 47 We associate the function ® : B> — B2,

Vi € B, (1) = (Mipta, Aopty)

-where A € B2 is a parameter- with the universal reqular autonomous
system Xg,. The states v € Xg, model the behavior of the circuit from
Figure 4 under the constant input A. For example if A = (0,0), then

ch(o,o) = {(p: - X(—o0,t1)s H2 X(foo,tg))|:u € BZ, t1,t2 € R}.

7 Fixed points vs. final values

Remark 48 The study of the fized points is important because the final
values of the states of the stable X C Xg systems are fixed points of ®
and the accessible fixed points of ® are final values of the states of those
systems.

Theorem 49 The next fized point property is true
V€ BV € B Vp € Py, im @7()(u) = p' = @ (') = 4"

Proof. We take u € B™, i/ € B™ and p € P, arbitrarily with the
property that ¢ € R exists so that

vt >t P (t) () = . (9)

10



We have the sequences « € II,, and (¢;) € Seq so that

p(t) = 0 X1y (1) @ . ® 0 - X3y (1) & .

and we can suppose that ¢’ = ¢y for some k&’ € N, thus from (9) we can

write
kl

O (tie) (1) = %" () =
Yk > 1’ q)p(tk’—f—k)(,u) — q)ao_,.ak’ak/+1,,.ozk/+k (,u) _ (10)
_ @ak’+1mak'+k (q)aomak’ (M)) _ q)ak'+1mak'+k (M’) _ ,u,.
We define the sets i1, ..., Yiryp, C {1,...,n} in the following way:

Uy = {ii € {1,...,n},a 1 =1},

Uiy = {ili € {1,...,n}, o =1},
‘I’k/+1 U..u \I’k’+p = {1, ,n}

This is always possible and we have
te [tk/+1,tk/+2) Vi e {1, ...,n},

_ Qi(p),i € Vpyr  (10)
xZ(t) B {,U/;,Z € {17 7”} \ \I[k:url — o

t € [tii2, tiwss) - Vi € {1,...,n},

Q?(t) _ CI)I(,U/),Z € \Pk’-&—l U \I/k’—&-Z (g) ,U//
! ,U;,'L c {1,...,71}\(\11k/+1 U\I/k/+2) v

t € [tkurp,OO) Vi e {1, ...,n},

l’(t) _ (I)l(/ll),l S \I/k/+1 U...u \I/k’—&—p (2) ,u/
! M;,Z c {1,...,71}\(‘I’k/+1U...U‘I’k/+p) v

It has resulted that
Vie {1,...,n}, (1) = ;.
u
Theorem 50 We have Vu € B™ V' € B",Vp € P,

(®(1') = p" and 3t € R, &7(t')(n) = p) = lim & () () = ',

11



Proof. We fix p,i’ € B, a € I1,, and (t;) € Seq arbitrarily so that
p(t) = % Xpp () ® . B A Xy (8) @ ..

O(u') = p'. (11)
If t < tg, we obtain

p= @) () "TE

On the other hand, from (11) we get that

0

() = ... =" (p) = .=y
and the conclusion is fulfilled under the form
vt € R, () () = i,

rest position.
We suppose now that ¢ > to, thus ¥’ € N exists with ¢’ € [ty trr41)
and

But

o et ) = @ T (g () = @ " () =

and the conclusion is
Vit >t DP(t) () = .
]

Remark 51 Here are two other results that are inferred from Theorems
49 and 50:

Vo € Xo, Eltlimx(t) = O(limz(t)) = limz(t),

t—o00 t—o00

Vi € Xo,Vu' € B, (®(u) = ¢’ and I’ € R, z(t') = /) = limz(t) = .

t—o0

12



8 Nullclins and fixed points

Definition 52 Let be the function ® : B* — B™. For any i € {1,...,n},
the nullclins of ® are the sets

NC; = {plp € B", ®;(n) = p;}.

If w € NC;, then the coordinate i is said to be not excited, or not
enabled, or stable and otherwise it is called excited, or enabled, or
unstable.

Theorem 53 The following statements are equivalent for u € B™:
CL) dp e anOrbp<N) = {l’l’}J
b) Ip € Py, ¥t € R, B9() (1) = p,
¢) ®(p) = p,
d) n e NCiN..NNCGC,.

Proof. a)<=b) and c)<=-d) are obvious from the way that Orb,(1)
and NC4, ..., NC, were defined.
b)=>c) Let be « € II,, and (x) € Seq with the property that

p(t) = 0 Xy (1) & . ® - xgy () & ... (12)
and b) is fulfilled. We obtain
°(t) (1) = (13)
= [4* X(—oot0) (t) @0’ (1) “Nto,tr) (1) D @ 3" (1) Nftprtn ) D) B = 1
= ()= .. =" (u) = ... =

We denote
Uy ={ili € {1,...,n},ad =1},.., ¥, = {i|i € {1,...,n},af =1}, ...
and we infer that

The existence of k& € N such that ¥y U ... U W, = {1,...,n} shows the
validity of c).

c)==b) Let o € 1I,, and (tx) € Seq be arbitrary and we define p € P,
by (12). It is shown by induction on k € N that

() =...= " (p)=...=p
wherefrom we get (see (13)) the truth of
vt € R, ®°(t) (1) = p
for arbitrary p € P,. b) is true. =

Notation 54 The set of the fized points (also called points of equilib-
rium) of ® is denoted by Eq.

13



9 The speed

Definition 55 For any p € B" and p € P,, we define the speed of the
p—motion of u, v*(-)(p) : R — B" in the following manner

vt € R, v°(t) () = °(t — 0)(n) & D7(t)(n)-
Remark 56 We infer from the previous definition that if

p(t) =a’- Xito} (1) © ... ® o - Xt (8) D ooy
then
vP(t) () = DPP(t)(p) =
= (1 ® D" (1)) - Xqa3 (1) B (B (1) & D (1)) - Xy (1) B ...
L (@7 (1) @ B (1)) - Xy () B e

10 The relation between equations and dynamical
systems

Theorem 57 We consider the point i € B™ and the function p € P,.
i) The equations

have both the unique solution
2(t) = DP(t)(1)-
i) w is a fived point of ® <=Vt € R,v”(t)(n) = 0.
Proof. Let be u € B", a € II,, and (t;) € Seq. We denote

plt) = 0 X1y (1) @ . 0 - g (1) © .. (14)

We search the solutions of the two equations under the form

x(t) = p- X(foo,to)(t) ® x(to) 'X[to,t1)<t) © ... Dx(ty) 'X[tk,tkﬂ)(t) ©... (15)

where the indeterminates are z(t;) € B", k € N. As we know, we have
a0
OP(E) (1) = 1 X(—oo,t0) (1) & % (1) - Xtg,11) (£) B .. (16)
aO...ak
@¢ (l’l’) .X[tk,tk+1)(t)@

14



V() (1) = (HBP (1)) X g1y () B (D (1) DD (1)) - X1y () @ . (17)
@ (T (1) @ 0™ (1) - Xy (1) ©
We solve the first equation, where
Dx(t) = (1 (to)) - Xuoy () ® (2(to) ® x(tr)) - Xy (1) © ... (18)
S ((ti) © 2(t1)) - X (1) -
and we infer from (17) and (18):
e a(to) = p & (),

z(to) ® z(t) = (1) @ " (),

0

o(te1) ® a(te) = % (1) @ @ (),

In other words .
x(to) = @ (N)a
z(t) = 2 (p),

0 k

w(ti) = B (),

thus ®°(t)(u) is a solution of the first equation.
We solve the second equation and we take into account the fact that

l’(t - 0) =W X(foo,to} (t) D x(to) ’ X(to,tl](t) D...OD x(tk) ) X(tk,tk+1}(t) D ...

" (z(t — 0)),t =ty

(I)p(t)(x(t — 0)) = {a:(t _ 0),t ¢ {t07 . } '

We have
t<tp: z(t) =z(t —0) =xz(—c0+0) = p,
t=ty: z(to) = D (x(ty — 0())) = 0 (p),
t € (to,t1) : z(t) = x(t — 0) = & (u),
t=t: w(t) = @ (x(t; = 0) = % (2 () = 2" (),
t € (t1,t2) : z(t) =x(t —0) = ¥ (u),
t=ty:  a(ty) = 2 (@(tp—0)) = (&2 () = B0 (),

15



t e (try topr) 1 2(t) = z(t — 0) = 2" (1),

The fact that ®°(¢)(u) satisfies the second equation was proved.

The uniqueness of the solution is proved for both equations like this.
We suppose against all reason that two distinct solutions x,x’ exist.
Then we observe that Vt < to, x(t) = 2'(t) = u, thus t; > ¢, should exist
such that Vt < t1,z(t) = 2/(¢t) and x(¢;) # 2(t1). This supposition gives
a contradiction in both cases, meaning that the solution is unique.

The statement ii) is a consequence of the fact that ®(u) = p <

p=0(n) = 0 (u) = .. m

Remark 58 We can associate to any of the equations from Theorem
57, when p runs in B™ and p runs in P,, the dynamical system ¢ =

(B, (9°)pep,)-
11 Invariant sets in the space of the phases
Definition 59 The set A € P*(B") is p—invariant, p € P, if

Ve A, vt € R, 9°(t)(n) € A. (19)

Other definitions of invariance of A are the following:

Vi€ A,3p € PVt € R, O (t)(1) € A, (20)
Vi e ANy € Py, ¥t € R, (t) (1) € A, (21)
Vi € A,VA € B™, ®Mu) € A. (22)

Theorem 60 The following implications hold:
(22) <= (21) = (19) = (20).

Proof. We prove (21)<=-(22), because the other implications are
obvious.

(21)=(22) Let € A, A € B™ and the sequence p” € P, be arbi-
trary,

pI(t) =" X () @ o @ Q™ - Xy (D) &
with o € II,, and (7)) € Seq. We define
pt)=A X{to}<t) @a” X{to+ty} (H@..ea™ X{to+t}} (1)@ ...

where t; € R is arbitrary and we can see that p' € P,. (21) implies
(1) = @ (to) (1) € A

16



(22)=(21) Let p € A and p' € P,,
pt)=a” xu (1) @ ... ®a™ Xy (0 ©

be arbitrary, with o’ € I1,,, (t}) € Seq. (22) implies that

t<t): & (1)(u) = i € A
Peltht): B () =5 € A,
t € [ththy) : " (4) € A due to the hypothesis of the

induction and we have ®” (¢)(u) = & (""" (1)) € A,

12 Examples of invariant sets

Example 61 Let be ® : B> — B2 Vu € B2, ®(uy, py) = (i, 1i3) and
p(t) = (1,1) - xq0,1,2,.3(t). The set A={(0,1),(1,0)} is p—invariant i.e.
it satisfies (19):

() (0,1) = (0, 1) - X(—o0,0)(t) ® (1,0) - x1o,1) (1)@

©(0,1) 'X[1,2)<t) © (1,0) - X[z,s)(t) D ...
7(t)(1,0) = (L,0) - X(—o0,0y(t) & (0,1) - X101y (1)
B(1,0) - xp,2(t) & (0,1) - X3 () D ...
Similarly, A ={(0,0),(1,1)} satisfies the same invariance property.

Example 62 Let be 1 € B". The set |J Orb,(n) is invariant in the
pEP,
sense of the satisfaction of (21) and in order to see this we take an

arbitrary vector (' € |J Orb,(p), for which we have two possibilities:

pEP,
a) W =p
In this situation (21) is obviously fulfilled.
b) ' # p

In this case o € 11, (t) € Seq and k' € N exist such that

p(t) = - Xpp () ® . B " - Xy (8) @ ..

o k'

p= P (t)(p) = % ().
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If p' € P, is arbitrary,
pt)=a” xu,t) o ..o ok X3 () @ ...
o €11, (t,) € Seq, then the sequence
v(t) = a® - X{to} (1) ... © o X1,y (1) D

- X{tk/+t6}(t) ®..0d* X{tyr+t, ()& ...
belongs to P,, and we have fort € R the following possibilities:
b.1) t <ty when &' (t)(1') = ' € U Orb,(1);

pEP,
b.2) t >t when k" € N exists such that t € [t},,,t,..,,) and

O (B)(1) = O (th) (D (ta) (1)) = O (1) (@ (1)) =
= " (@0 (1)) = @0 () = B (b + 1) (1)
thus @' (t)(i') € Orb, () C |J Orb,(1).

pEP,

Example 63 We show that Eq is invariant in the sense of satisfaction
of (22). Indeed, let be u € Eq meaning that

O(p) = p (23)

15 true and we take arbitrarily some \ € B™. Because

e (Lnh ol = { PRI

we conclude that

o) Z o) E 12 &),

thus ®*(u) € Eq.

13 Attraction

Definition 64 Let be A, B € P*(B™) and the function p € P,. We say
that A is p—attractive for B and that the points of B are p—attracted
by the set A if

Vue B, It e RV >t (¢)(p) € A, (25)

i.e. A contains all the cyclic values of ®°(t)(u), u € B. Similarly, A is
attractive for B and the points of B are attracted by A if one of the
non-equivalent properties

Vue B,3p € P,,3t € R,V > t, 07 (') (n) € A, (26)
Vue BVp € P, 3t e RV >, 07 () () € A (27)
holds.
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Remark 65 The implications
(27) = (25) = (26)

hold. On the other hand if A € P*(B™) is p—invariant ((19) is fulfilled)
then it is p— attractive for itself ((25) is true with B = A).
Here is the special case of Definition 64 when B = {u} :

Jt e R,V > t, (') (1) € A,
3p € P,,3t e R,V > 1,87 (1) () € A,
Vo' € P,,3t € R,V > t, " (') (n) € A.

14 Limit cycles

Definition 66 The set B and the function p are given. The p—limit
cycle (p—limit set) of B is given by:

LCh = {'|W € B",Fu e BVt € R, 3t' > t,D°(t')(n) = p'}.

FEach (' € LCY is called p—cyclic, or p—limit point of B. Similarly,
the superior and the inferior limit cycle (limit set) of B are defined
by

LCp = {y| € B",3p € B,3p € P,,Vt € R, 3t' > t, & (¢') () = p'},
LCy = {i| € B",3u € B,Yp € P,,Vt € R,3t' > t, & (') (n) = p'}.

Remark 67 The limit cycles are the sets of the cyclic values of the
motions ®°(t)(u) and the following inclusions

MBCLCECTB

are true.
We have the special case at Definition 66, when B = {u} :

LCS ={y/| € B* Wt € R, 3t > t, (1) (n) = p/'},
LC, = {p/|y € B",3p € P,,Vt € R, 3t > £, & (t')(n) = '},
LC, = {{/|)/ € B",Vp' € P,,Vt € R, 3t' >, (') (p) = p'}.

Theorem 68 Let be B € P*(B"™), p € P, and we consider the Definition
64, property (25). Then the set LC% is p—altractive for B and any
A € P*(B"™) which is p—attractive for B fulfills LC% C A. Similar
properties hold for the properties (26), (27) and for the sets LCg, LCp.

19



Example 69 The function ® : B> — B2 defined by the following table:

has the interesting property that Vu € B2, Vp € P,
LC; = {(0.1), (1, 1)}.

Theorem 70 Let be p € B"™ and p € P,,. We have that:
a) LCH C Orb,(u),
b) LCh #90),
¢) LCf = {u'}y = lim ®°(2) () = 4/,
d) dto € R, Vt > tg,@p(t)(u) S LCZ,
e) The set LCY, is invariant in the sense of satisfying (20).

Proof. d) This is true from the definition of LC%.
e) Let to € R be the number that makes d) be true and we take

some arbitrary p/ € LC.. As all the points of LC. are p—cyclic values
of ®*(-)(u), we have

A > to, ®P(t) () = 1.
We can see that the function

P () = p(t) - X100 (t)

is progressive and we infer that

, /,L/,tgt/
@“wqu{wugmt>feLq;

15 The evolutions of a system

Definition 71 We have the following terminology, given by Moisil and
Gavrilov [3], [4]:
a) Orb,(u) \ LCL # 0, |LC| > 1
Moisil: finally cyclic evolution,
Gavrilov: successively repeated evolution;
b) Orb,(p) \ LCE # 0, [LCS| =1
Moisil: finally stabilized evolution,
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Gavrilov: successive evolution;
c) Orb,(p) = LCE, |LCA| > 1
Moisil: cyclic evolution,
Gavrilov: repeated evolution;
d) Orb,(p) = Lee, \LC’[{| =1
Moisil: rest position (or stable position).
Remark 72 We see that both Moisil and Gavrilov avoid referring to
periodicity or maybe to pseudo-periodicity; for them the evolution of a
system is just cyclic or repeated. On the other hand in cases b), d) when
|[LCh| = 1, the p—limit cycle LCY, consists of a point yi' that is a final
value of ®P(t)(u), thus a fized point of ® (see Theorem 49).

16 Stable manifold

Definition 73 Let be A € P*(B™) and p € P,. The p—stable mani-
fold® of A, or the kingdom (the basin) of p—attraction of A is by
definition the set

MP(A) ={ulp e B, 3t € R,Vt' > t,9°(t')(n) € A} (28)
Two versions of this definition are the following:
My(A) = {u|p e B",3p € P,,3t e RVt > 1,07 (t) () € A}, (29)
M (A) = {ulp € B",Vp' € P,,3t e R,V > 1,87 (t')(n) € A} (30)
gwing the superior and the inferior stable manifold of A.

Remark 74 The stable manifolds of A are the sets of points which are
attracted by A and the following inclusions hold

M,(A) € ME(A) € T, (A).
We have the special case at Definition 73, when A = {u°} :
ME(p") = {plp € B", lim @ (t) (1) = p°},

M, (1°) = {nln € B",3p € Py, lim &' (¢) () = 1},

M,(1°) = {plp € B,V € Py, lim @ (1)(n) = 4}.
Theorem 75 Let A € P*(B"),p € P, be given and we consider the
Definition 73, property (28). We have that the points of MP(A) are
p—attracted by A and for any set B € P*(B"™) whose points are p— attracted

by A we infer B C M{(A). Similar statements are true for the properties
(29), (30) and the sets M (A), M (A).

) ==

2The word 'manifold’ is traditional and it was borroughed from the literature by
analogy; in our case it has not a precise meaning, since the manifolds were not defined
in the binary context.
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17 Total and partial attraction

Definition 76 If MP(A) # 0, then the set A is called p—attractive. In
this case we have the possibilities:

a) MP(A) = B", when A is called totally p— attractive

b) M?P(A) # B™, when A is called partially p— attractive.

By replacing M?(A) with M,(A) (with M (A)), we obtain the su-
perior (the inferior) attractive, totally attractive and partially
attractive sets.

Remark 77 We have the special case at Definition 76, when A = u°.
If MP(u®) # 0, then u° is a point of p— attraction:

Ip € BT, lim &°(#)(p) = p°

and we have the possibilities: MP(u°) = B™, when u° is totally p— attractive,
respectively MP(u°) # B™, when p° is partially p— attractive.
The situation is similar by replacing M?(u°) with M 4(1°) and M ,(11°).

18 Equivalencies

Definition 78 Let be the generator functions ®, ¥ : B® — B". We
say that the Boolean dynamical systems ¢ = (B™, (®”),ep,) and ¢ =
(B™, (V?),ecp,) are equivalent if a bijection H : B — B™ exists so that
the following diagram is commutative

B" 2 B~

H | | H

B" % B~
If this is true, we say that H transforms the generator function ®
in the generator function V.

Remark 79 This definition concerning the equivalence of the Boolean
dynamical systems refers to a change of the system of coordinates.

Lemma 80 If the function h : R — R is bijective, continuous and
strictly increasing, then h™' has the same properties.

Proof. 3In [2], page 233 it is shown that if A : I — R is continuous
and strictly monotonous on the interval I C R (the choice I = R is
possible), then it has a continuous inverse. Obviously, if h : R — R
is bijective and strictly monotonous, its inverse is strictly monotonous,
with the same monotony like h.

The conclusion is that if h is bijective, continuous and strictly in-
creasing, its inverse has the same properties. m

3The proof of this Lemma was suggested to us by professor Sorin Gal.
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Definition 81 Let be u € B™ and the functions p,p’ € P,. The equa-

tions
z(—o0+0) =
{0 = a0t oy o
y(=00 +0) = p
{yu) = B/ (y(t — 0)) (2)

and the motions ®°(-)(u) and ®° (-)(1) are equivalent if the bijective,
continuous strictly increasing function h : R — R exists so that

7 () (1) = @ (A(t)) (). (33)

Remark 82 This definition states that the solutions ®°(-)(u), ®*'(-)(1)
of (31),(32) are equivalent if they are equal functions regardless the time
flow, which is given by t for ® (-)(p) and by h(t) for ®°(-)(1). Lemma
80 guarantees that Definition 81 is indeed that of an equivalence relation.
We have the sufficient condition p' = p o h in order that (33) is true:

Theorem 83 Let be p € B",p € P, and h : R — R bijective, continu-
ous strictly increasing. Then

P (t) (1) = D°(h(t))(1)-
Proof. We take the sequences a € I1,, and (t;) € Seq so that

p(t) = 0 X1y (1) @ . ® 0 - X3y (1) & .

and we remark the truth of the following statements
h(t) € (—o00,t) <=t € (—o00,h *(t)),

h(t) € [to, t1) <=t € [h" (to),h (t1)),

h(t) € [tr, trr1) <=t € B (tk), B (trs1)),

Because
(poh)(t) = p(h(t)) = a° - X (A1) & ... B 0" - x gy (R() & ...

= Oéo . X{h*l(to)}@) b...Po Oék . X{h*l(tk)}(t) D ...

we infer that for arbitrary p € B™ we can write

PPN (t) (1) =
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= I X(—ooh—1(to)) () © " (1) - X[h=1 (t0),h—1 (1)) (1) D -
o @ @ao"'ak(u) X[ (t) (b)) (D) D o
= 11X (—oos) (D) DD (1) X g ) () D BB (1) Xy 011y (B(E) ..
= ®7(h(t))(1).

Definition 84 Let be p € B™ and p,p' € P,. The equations (31), (32)
and the motions ®°(-)(n), ®” (-)(u) are equivalent if

LC? = LCY.

Remark 85 The motions ®°(-)(1), @7 (-) (1) are equivalent conformably
to Definition 84 if they start from the same initial value p and they reach
the same limit cycle. The equivalence class of ®°(-)(u) has the property
that the unique limit cycle reached by all its elements depends on p only
and it does not depend on p.

Definition 86 The regular system X C Xg is called perfect if Vi €
B".Vp e P,,Vp' € P,,

(©°(-)(1) € X and @' (-)(n) € X) => LC/, = LCY.

19 The properties of the regular autonomous sys-
tems

Remark 87 If X C Xg is regular, then any subsystem X' C X is
reqular and it has the same generator function like X. The intersection
and the union of X C X¢ and X' C X are reqular: X N X' € Xg, X U
X' C Xo.

Theorem 88 Let be Oy € P*(B").Then Vo € Xg°,Vd € R, we have
zorle X9 ie. X is invariant to translations.

Proof. We suppose that x € Xg ° is given by

OéO aO...ak
z(t) = p- X(—oo,to)(t) ® O™ (1) 'X[to,tl)(t) ©.00 () 'X[tk,tk+1)(t) D...

where u € O, a € II,, and () € Seq are arbitrary. We take d € R
arbitrarily and we remark that (¢x 4+ d) € Seq. On the other hand we get

(zorh(t) =x(t —d) =
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= 1 X (o) (t = d) B O (1) - X (t — d) B ...
e ® D (1) Xyt — d) D

= B X(—o0,to+d) (t) @ oo’ () - X{to+d,t1+d) (t) @ ...
@ Pt (1) * Xt +dtpr+a) () © ..

thus z o 7¢ € Xg)o. ]

Remark 89 The dynamical system ¢ = (B",(®”),cp,) is given. The
sets Orb,(p) with p € P, fired do not represent a partition of B™ when
u runs over B™ and we give the counterexample represented by ¢ : B —
B,® =1 (the constant function), p = X1,y for which

Orb,(0) = {0,1},
Orb,(1) = {1}

non-disjoint sets. The consequence is that points from R x B™ exist
representing the intersection of several integral curves.

Theorem 90 Let be p € B™ and p € P, arbitrary. Then the line
R x {pu} is an integral curve <= vVt € R, ®*(t)(pn) = p.

Proof. We have
{(t,2"()(w)[t € R} = R x {u} <=Vt € R, ®°(t) (1) = pu
[]

20 Accessible states

Definition 91 We say that the state ' € B"™ is directly accessible
from p € B™ if i # (/* and some X\ € B™ exists with

= 0MNp).
Theorem 92 We take ©g € P*(B™), i/, 1" € B" and we suppose that

W is directly accessible from p' :

N e B " = o). (34)
If 1t/ is accessible from any initial state under the form
VY € ©g,dp € Py, 3t € R, ®°(t) (1) = 1/, (35)
then u” is accessible from any initial state:

Vi € Og,3p" € P, 3t > t, 07 (') () = pi”". (36)

4this request is that of a strict accessibility
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Proof. Let p € ©¢ be arbitrary. The truth of (35) for p € P,,
P = O!O : X{to} D...D Oék : X{tk} D ...

a € I1,,,(tx) € Seq and t shows the existence there of two possibilities.
Case t < ty. We choose p’ € P,,

p, = OZ/O . X{t&} @P...Po O{/k . X{t;c} &b ...

a € II,,(ty) € Seq such that o/® = the \ that makes (34) true and
t' =t > t. We have

OO(E) (1) = =i,
O () (1) = 7 (t6) (W) = D" (i) = P (') = "
Case t > tg and we can suppose that k € N exists such that t = ;.

We choose p’ such that o/® = a?, ..., a’* = ¥, o/**1 = the )\ that makes
(34) true, (t;,) = (tx) and t’ = tx;. We infer

/ 0

O (1) (1) = ' (trs1) (1) = B () = PN@ () =

= DN (@A (1) (1)) = PH(DP(t) (1)) = DM (p) = "

k

21 Huffman regular autonomous systems

Definition 93 The autonomous system X is called Huffman if it ful-
fills one of the next two conditions a), b):

a) X € P*(S™); the function ® : B® — B™ and the systems f, g :
S — P*(SM) erist so that

vy € S, 3lim ®(y(1) = Vo € f(y). Jima(t) = lm B(y(t)), (37

Ve e S™ Ilima(t) = Wy € g(:n),tlim y(t) = 1tlim x(t), (38)

t—oo

X ={z|3y e S™,z € f(y) and y € g(x)}; (39)

b) X € P*(S™)); the function ® : B® — B" and the systems
fog: 8™ — P80 . S P*(S™M)) exist so that (37), (38) are
true as well as

X ={(z,2)|3y € S,z € f(y),2' € f'(y) and y € g(x)}.  (40)

The two conditions a), b) have been drawn in Figure 5.
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Figure 5:

Remark 94 A system f having the property that ® exists with (37)
true is called combinational (or race-free stable relative to the function
® ). Property (37) shows that f is a combinational system that computes
the function ® and (38) shows that g is a combinational system that
computes the identity function lgn; (39) links f and g and similarly
(40) links f, g, f'. As g from (38) models the delay elements, we conclude
that the Huffman autonomous systems consist in combinational systems
f having feedback loops with delay elements.

Theorem 95 Let be d > 0 and the systems f,g: S™ — P*(S™), X¢ €
P*(S™) defined in the next manner:

ok
vy € 5, f(y) = {ala(t) = {x(t f)of?(é’“ﬁf: .y
z(—oo+0) € B", a € I, (t,) € Seq,Vk € N, t1 — tg > d},
g(z) = {z o7},
X¢ ={z|3y e S™,z e f(y) and y € g(x)}.

Then:

a) f satisfies (37)

b) g satisfies (38)

c) X satisfies (39)

d) Vo € X<, we have the existence of p € B",a € I, () € Seq
with Vk € N, tg 1 — tx, > d and

2(t) = DY Xaror BB Xy B (4 (1)

1.e. X&l, C Xq>.
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Proof. a) Let be a € II,, and (tx) € Seq arbitrary so that Vk €
N,txy1 — tx > d. From the hypothesis we can suppose that for an
arbitrary y € S™, k’ € N exists so that

Vt >t R(y(t)) = (y(tw)).
Define the sets Wy, ..., Upryp, C {1,...,n},p € N in the following way:

\Ilk/ = {Z|’l € {1, ...,n}’af’ = 1}7 ceey \I’kurp = {Z‘Z c {17 “’7”},0{’-€l+p — 1}7

\Ifk/ U...U \Ifkurp = {1, ,TL}

Because « is progressive, the definition of these sets is always possible.
We can also suppose that p > 1. We infer for any = € f(y) that
te [tk/,tk/+1) : Vie \Ifk/,

zi(t) = ®i(y(tr)),
te [tk/+1,tk/+2) Vi e W U Wy,

xi(t) = D (y(te41))st € Yprpq
' Ti(t1 — 0),5 € Wpo \ Wpopq

— Q;(y(tw)),i € Upyr
N {‘Pz’(y(tm)),i €Uy \ Ty, — i),

t e [tk/+p, OO) Vie U, UL U \I/k’-i-p)

(1) :{ Di(y(th+p)), 0 € Wprip
! .I‘i(tkurp — 0),2 € (‘I’k/ U..u \I[k:urpfl) \ \Ifkurp
Pi(y(tw)), i € Yprip
{Cbi(y(tk/)),z € (T U Ul )\ Wy, — i)
b) Some t' € R exists so that V¢ > ', x(t) = z(t'), wherefrom
VE >t +d,y(t) = g(z)(t) = x(t — d) = 2()).

c) Obvious.
d) Let be z € X¢ arbitrary, in other words u € B™, a € II,, and
(tx) € Seq exist so that Vk € N, tx1 — tp > d and

z(—o00+0)=p
B " (x(ty —d)), t =t ‘ (41)
#lt) = {a:(t - 0),tk¢ {to, --wtk’l'c"}
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We denote

p(t) = % Xpp () ® . B A Xy (8) @ ..
and (41) becomes

( 00 +0) =
[ o alte— )=t (42
:L’(t) - { ( ),t ¢ {tO; X 7}

Because z(t) = z(t — 0),t ¢ {to, ..., tk, ...}, the only discontinuity points
of z (i.e. for which x(t) # z(t —0)) are found in the set (x) thus, taking
into account the fact that ¢, —d > t;_1,k > 1 we conclude that

Vk € N,Q?(tk - d) = .I‘(tk - O)
Equation (42) is equivalent with (i.e. it has the same solution like)

{ z(— oo+0) L
(t) = ®O(x(t - 0)) ’

see also Theorem 57. m
22 Delay-insensitivity

Definition 96 The autonomous system X € P*(S™) is by definition
delay-insensitive if the following property of stability is true:

Ju’ € B",Vz € X, tlima:(t) =u.

Theorem 97 Let be the set ©y € P*(B"). The next statements con-
cerning the delay-insensitivity of Xgo are equivalent:

3 € B",Vr € X§°, lima(t) = 4, (43)
Ju' € B, Vu € 0y,Vp € Pn,tlimq)p(t)(u) =, (44)
' € B, ¥ € O, Ya €11, lim " (1) = 4 (45)

Proof. (43)<=(44) Because X° = {®”(-)(u)|x € O, p € P,}, the
equivalence is obvious.

(44)=(45) Let be p € Oy, € I1,,, (tx) € Seq arbitrary and we use
the notation

p(t) =’ Xpy () @ . B F - x gy (D) B (46)
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The hypothesis states the existence of ' € B™ with

I e R,VE> 1, D°(t) () = i’ (47)
and we can suppose the existence of some k' € N with ¢’ = ¢;,. Because
vVt > t',dk € N,

! ! /
0ok ok +1 ok HC( )

t € [trrsh: tvpnir) and °(t)(p) = ¢ 1), (48)

we have that (47) implies
Ik’ € N, Vk € N, oot ot latsh (49)

(45)=—-(44) Let be p € Og,a € II,, and (tx) € Seq arbitrary, for
which we define p like at (46), thus p € P, is an arbitrary element. The
hypothesis states the existence of p/ € B™ such that (49) holds. For
t" = ty, because (48) is true, we can see the truth of (47). m

23 Examples of delay-insensitive systems

Example 98 The constant function ® : B" — B",
I € B,V € B", () = 1/

fulfills (45) with ©9 = B". Indeed, let pn € B™ and o € 11, be arbitrary
and we have the following possibilities.

Case p = .

Then ®(n) = p and (45) is true under the form

Vk € N, & " (1) = 4.

Case dp € {1,...,n}, 3, € {1,...,n},...., 3, € {1,...,n} such that
W=puderd..pe"r.

We define ¢ € N as the least number that satisfies

Uy = {ili € {1,...,n},a) =1}, .., ¥, = {i|i € {1,...,n},a? = 1},

{il, ...,iq} CYyU...U ‘I’q.
We have

0

() =p® =&
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Figure 6:
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Notation 99 We use to underline sometimes the excited coordinates
(see Definition 52), for example (..., ji;, ..., j1;, ...) shows the fact that

s # D), e 15 = D5 (1),

Notation 100 If i/ is directly accessible from u (see Definition 91), we
use to denote this fact by an arrow p — 1.

Example 101 In Figure 6 we have drawn an RS flip-flop where A1, Az,
Iy, ty € B. Corresponding to Ay = 0, Ao = 1, respectively to Ay = 1, A\ =
0 we have two functions ®, ®' : B2 — B2,

v(ﬂla /1’2> € B27 CI)(lu’lvlu’Q) = (17/1’_1)7

v(ﬂla /1’2> € B27 CI)’(;},l, /1’2> = (:U’_QJ 1)
for which (43),...,(45) are fulfilled when ©y = B2. We show the fulfill-
ment of (45) by ® and ' = (1,0).
The behavior of the circuit from Figure 6 with Ay = 0, Ao = 1 1s the
one from Figure 7.
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Conformably to the Notations 99, 100, the excited coordinates were
underlined and the directly accessible states were outlined with arrows.
The fact that in the state (0,0) any coordinate may be computed (both
coordinates are exited) implies that we can get from there in any of
(0,1),(1,1),(1,0); the states (0,1) and (1,1) have one excited coordi-
nate only, thus one arrow towards some directly accessible state. The
only state that has no excited coordinates is (1,0), the system arrives
and remains there from any initial value p € B™.

The satisfaction of (45) is proved.

24 Hazard-freedom, the first definition

Definition 102 The system X € P*(S™) is by definition hazard-free
if the property
Ju'eB"\Vz e X,z(t) —

monotonous

1 fulfilled. We have denoted by — the coordinatewise monotonous

convergence i.e. each coordinate function x; is allowed to change value
at most once.

Remark 103 The coordinatewise monotonous x € S™ functions have
a final value. The hazard-freedom of X states that all the elements x € X
are coordinatewise monotonous and that they have the same final value.
Note that, like in the case of delay-insensitivity, this definition of hazard-
freedom does not ask that X is reqular.

Theorem 104 Let be the set Oy € P*(B"). The next statements con-
cerning the hazard-freedom of Xg ° are equivalent:

3 € B",Vr € X$°, x(t) = (50)
Ju' € B",Vu € ©y,Vp € P, d°(t) (1) — ' (51)
' € B,V € Op, Vo € TL,,, & (1) — (52)

Proof. Similar with the proof of Theorem 97. m
Example 105 For 6y = {(0,0,0),(1,1,1)}, we have
(0,0,0) — (0,0,1) — (0,1,1),
(1,1,1) — (0,1,1)

and because the state (0,1,1) has no underlined coordinates, it is a fized
point of ® and a final state of the system.
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25 Hazard freedom, the second definition

Remark 106 In the Definition 102 of hazard-freedom, the vector ' €
B" towards which all x € X converge is independent on x(—oo+0). We
give now a possibility of defining a hazard-freedom property for the regu-
lar systems where the states © € X converge towards the limit ®(x(—oo+

0)).

Definition 107 The reqular system X C Xg is called hazard-free if
the following property is true:

Vo e X,a(t) —  ®(z(—oo+0)). (53)

monotonous

Theorem 108 Let be ©y € P*(B™). The next statements of hazard-
freedom of Xq(? ° are equivalent:

Ve Xgha(t) = P(z(—co+0)), (54)
Vu € B, Vp € P, (1) (1) e D(p), (55)
Vi € B, Va € I1,,, &+ (1) —  P(p). (56)

Proof. Similar with the proof of Theorem 97. m

Remark 109 The theorem which follows gives a property that is equiv-
alent with the hazard-freedom of Xq(?o. However, at the moment, we do
not know the proof of its necessity part.

Theorem 110 Let be ©y € P*(B"). If
Vi € B, VA € B, &(0* (1)) = B(p),
then X" is hazard-free.

Proof. We show that property (56) is implied and let for this p €
O, a € II,, be arbitrary. If ®(u) = p holds, then the conclusion is true
thus we suppose the existence of p > 1 and {iy,...,%,} C {1,...,n} such
that

pee(p)=c" @ ... e

With
Uy, = {ili € {1,...,n},aF = 1},k € N,
we infer:
O .
O () =p @ £ ¢

JEXON{%1,...,ip }



2" (1) = 0" (@ () = 8™ (e = )=

= ) €j),i€\:[/1

= I iefl,..,n}\ U

JG\Ifoﬁ{ ..... ip} { }\ 1
{ Bi(1),i € Uy

=9 1 @ diefl,..,n}\ ¥

H JE‘I’oﬂ{zl ,,,,, ip} { }\ 1

pi @10 e Wy N {ig,... iy}
pint € Uy \ {in, ..., p}
w, @1 e ({1,.. n}\\I/)ﬂ\IJOH{il,...,z'p}
,lee {1 n}\\l} )\(\Pom{ilw”’ip})
[1,1 ©® 1 1 E \:[11 N {Zl, . ,Zp}) U (({1, ,TL} \ \Ill) N \Ilo N {7:1, ceny Zp})
W, otherwise
We denote by ¥ the set {1,...,n} \ ¥;. We compute:
(\Ill N {7:1, ,’Lp}) U (({1, ,n} \ \I/l) N \I/() N {’il, ,’Lp}) =
= (U1 0 {ig, oy ip ) UT) N (U1 N G,y 1) U (W0 N {1, s dp )
= ({i1, oy ip} UWL) N (T UWo) N i,y dp = (U3 U W) N {dn, .0y ip )

We can prove by induction on £ that the general term is

(I)ao....ozk — @ E 8]
(/t) a JE(WoU.. .Ul )N{i1,...,0p}

and it converges monotonously to

= J —
MY setitint )
n
Example 111 Define ® : B3 — B? by the following table:
(h1s pig, pi3) @
(0,0,0) (1,1,0)
(1,0,0) (1,1,0)
(0,1,0) (1,1,0)
(1,1,0) (1,1,0)
(0,0,1) (1,1,1)
(1,0,1) (1,1,1)
(0,1,1) (1,1,1)
(1L,1,1) (1,1,1)

and we see that for ©g = B? the hazard-freedom property (53) is fulfilled.

Remark 112 The first definition of hazard-freedom implies delay-insensitivity,
but the second doesn’t.
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26 Synchronous-likeness

Definition 113 We define for k € N the function ®* : B® — B" in
the next manner: Yu € B™,

O (p) = p,
O (1) = (@™ (1)),
®*) is called the iterate of order k (or the k—th iterate) of ®.

Definition 114 The autonomous system X C Xg is synchronous-
like if

Vo € X,3(ty) € Seq,Vk € N, z(t),) = ¢ (z(—00 + 0)). (57)

Remark 115 In formula (57) during some interval [tg,tx+1) T may
change value. The point is here that the values ©(—oo+0), ®(x(—oc0+0)),
O(P(z(—00+0))), P(P(P(x(—00 +0)))), ... are reached, in this order.

Theorem 116 We consider the set ©y € P*(B"™). The next statements
concerning the synchronous-likeness of Xg) ° are equivalent:

Vo € X9, 3(ty) € Seq,Vk € N, z(t,) = ®* V) (2(—0c0 +0)),  (58)
Vi € ©0,Yp € Py, 3(ty) € Seq, Yk € N, &7 (t;) (1) = ©*V(p), (59
Yu € Og,Va € I1,,,3(jx) € Sub(N),Vk € N, (60)

(I)ozo...ajk (,u) _ (I)(k+1)(u).

Proof. The line of the proof is similar with the proofs of Theorems
97, 104 and 108. m

Theorem 117 Suppose that the system X satisfies the hazard-freedom
property (53):
Vee X,z(t) —  P(x(—o00+0)).

monotonous

Then it is synchronous-like.
Proof. For arbitrary z € X, (57) is fulfilled with

VE > 2,0 (z(—00 4 0)) = ®(z(—00 + 0)).
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27 Synchronicity (the technical condition of proper
operation)

Definition 118 The autonomous system X C Xg s called synchro-
nous and we also say that it fulfills the technical condition of proper
operation if the next property is satisfied: Vo € X, 3(tx) € Seq,

2(t) = (=00 4 0)  X(—oot0) (1) @ P(2(=00 +0)) - X1,y (1) © .. (61)
@ O*H (z(—00 +0)) - Xitp trsn) () B oo

Theorem 119 The set ©g € P*(B") is given. The next statements
concerning the synchronicity of Xq(? * are equivalent:

Vo € Xg°, () € Seq, z(t) = x(—o0 +0) - X(—oo,t0) P (62)

BP(2(—00 +0))  Xon) B - B P (1) Xy ) @ -

Yu € ©g,Va € 11, 3jo € N,3j; € N*, ..., Jjp € N*, ... (63)
oo = (o 11, ®(), o, D(p1), o, @ (), @B (1), .0,
( (1)) ken = (p L\ (1) = (1), -y @ (1) = (1), ---)
Jo J1 Jk

where [, ..., 4 means non-existing values,
——
0

Vi € O, Vk € N, @D (1) = d®) (1) or (64)
or Ji e {1,...,n}, % (1) = d® (1) @ e

Proof. (62)—(63) Let u € Og, a € II,, and (t;) € Seq be arbitrary,
thus

OLO
() = 1 X(—oote)(t) B PY (1) * Xto,01)(t) B - (65)
@ @ (l’l’) : X[tk,tk+1)(t> @

is an arbitrary element from Xg) . The hypothesis of synchronicity of
X° shows that 3(t}) € Seq such that

z(t) = /L'X(foo,t{))(t)@q)(:u)'X[ta,t’l)(t)@"'@q)(k)(:u)'X[t;c,t;Hl)(t)@”' (66)

By comparing (65) with (66) the validity of (63) follows.

(63)=—>(62) We take some arbitrary pu € O, a € II,,, (tx) € Seq and
in this situation (65) represents an arbitrary = € Xg) . The hypothesis
states the existence of jo € N, j; € N*, ..., jr € N*, ... such that

()kers = (gt (1), B(p), o @D (), o DB (1)),

Jo J1 Jk

0 k

(@Ol e
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and this, looking at (65), means the existence of a subsequence (t}) € Seq
of (t) such that (66) be true. Xg° is synchronous.

(63)==(64) We suppose against all reason that (64) is not true
and in this situation p € ©y, k € N, p € {2,..,n} and ¢,...,7, €
{1, ...,n} distinct exist such that

ED () = oW () e @ .. e,

Then a € I1,, and £ € N exist such that

o k'

0 (1) = @ (1),

a0 ok ok +1
@ T(n) ¢ {2W (1), @4V ()}
and this happens if we take o *! € B" with

k' +1 _ 0

3je{1,...,p}, 3 €{1,...p},a"* !t =1 and o

J

We have obtained a contradiction with (63).

(64)==(63) Let be u € Oy and « € II,, arbitrary and we prove (63)
by induction on k£ € N.

k=0:®%(u) = u and we have the possibilities:

- W (1) = O (1), then (B (1)) ren has all the terms equal with
pand jo € N,j; € N* ... jx € N*, ... may be taken arbitrarily;

-3 e {1,..,n},®W () = O () @ £, then

0y mifal=0(=jo>1)
2 ={ ol o =1 (<22

k : from the hypothesis of the induction some £’ € N exists such that
po’--a¥ (1) = ®® (1) and we have the possibilities:

- B0 () = BM) (), then B’ () = oty — -~
®®) (1) and ji € N*, jrs1 € N*, ... may be chosen arbitrarily;

-3ie{1,...,n}, %D (y) = d®(4) @ &, then

potarat [ @B (), if af Tt =0
U= @), if ol =1

]
Remark 120 The synchronous systems are also synchronous-like. The

point is that in (57), during the intervals [tg,tx+1), T may change value,
while in (61), during the intervals [tg,tx+1), * is constant.
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28 The generalized technical condition of proper
operation

Definition 121 The regqular system X C Xg is said to satisfy the gen-
eralized technical condition of proper operation if

Vz € X,Yv € {d¥(z(—oc0 4 0))|k € N},VA € B",
PMNv) £ d(v) = B(PMNv)) = D(v).

Theorem 122 If the system X having the generator function ® satisfies
the technical condition of proper operation (synchronicity), then it fulfills
also the generalized condition of proper operation.

Proof. Let be A € B", u € B" and k € N arbitrary (see (64)), for
which v = ®®)(p).

Case ®(v) =v

Then ®*(v) = v = ®(v) and the conclusion follows.

Case Ji € {1,...,n},P(v) =v ® e’

There are two possibilities, ®*(v) = v (= &(®u)) = ®(v)),
d*v) = ®(v) and the conclusion is true in both of them. m

Theorem 123 If X C Xg satisfies the generalized technical condition
of proper operation then it is synchronous-like.

Proof. Let be z € X arbitrary,

OLO Ozoak
$(t) = /‘L.X(—Oo,to)(t)@q) (/‘L)X[to,tl)(t)@@@ (H)X[tk,tk+1)(t)@

with u € B", a € II,, and (tx) € Seq. If ®(u) = p, then z(t) = p is the
constant function and (57) is fulfilled, thus we can suppose that

iy € {1,....,n}, ..., Fi, € {1,...,n},®(p) =pdc" @©..pe".
We define ¢ € N as the least integer such that

Uy = {ili € {1,...,n},a) = 1},

U, ={ili e {1,...,n},a =1},
{t1, ..., ip} CYoU..UY,

and we have, see also the proof of Theorem 110

O (1) = p el = d(p).

JE(ToU..UT )N{i1,...s0p }
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We can define ¢, = t,, for which (57) is true under the form z(t,) = ®(u).

The hypothesis of the induction shows the existence of the rank
k1 € N* and of the numbers t; < t| < ... < tj_, such that t,_, =
by 1 3(8) = B ), .y (th_y) = DF (). TE SE (1) = B¥) (1), then
Vt > t,_,,x(t) = x(t,_,) and (57) is fulfilled with arbitrary t;, > t}_,;
and z(t;) = ®**V (), thus we can suppose that

i1 € {1,...,n}, ... iy € {1,..,n}, dE V() =dP(p) @ e @ ... @ v
We define ¢’ € N as the least integer such that
Uy, = {ili € {1,...,n}, o =1},

\Ilk1+q/ = {Z|'l — {1, "'7n}705,];1+q' _ 1}7
{jh "'7.jp’} - \Ilk:l U...U \I[k1+q’
for which we get

Py = M) (1) @ = el = e+ (p),

je(wklu...uwk1+q,)m{j1 ..... Jpt }

We define t), = ti,+y and (57) is fulfilled under the form z(t}) =
CID(k“)(,u). -

29 Discrete time
Notation 124 Denote by
N ={-1,0,1,2,..}.

Definition 125 Let be a € 1I,. We define ® at the power o, d“ :
N — (B")B" by

[I/,k:—l

Yk €N _,Vp € B", &%(k)(n) = {<I>“°"'“k(u),k >0

Definition 126 The couple ¢' = (B™, (9*)4em,, ) is called discrete Boolean
dynamical system. B" is the phase space, or the state space and

i € B" is called phase, or state. The function ® is the generator
function of ¢’ and ®*,« € I1,, are called the computations of ®. The
domain N of the computations ®* is the time set and k € N s the
time parameter.

Remark 127 To be compared Definition 125 with Definition 31 and De-
finition 126 with Definition 33. Many definitions and also the reasoning
from this paper may be formulated in discrete time and, as a matter of
fact, such discrete time reasoning has been used.

39



References

[1] Rodica Curtu, Introducere in teoria sistemelor dinamice, editura In-
fomarket, Brasov, 2000

[2] M. Nicolescu, N. Dinculeanu, S. Marcus, Analiza matematica, Edi-
tura Didactica si Pedagogica, Bucuresti, 1971

[3] Gr. C. Moisil, Teoria algebrica a schemelor cu contacte si relee, edi-
tura tehnica, Bucuresti, 1965

[4] Gr. C. Moisil, The algebraic theory of switching circuits, Pergamon
Press & editura Tehnica, 1969

40



